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Abstract–A variational theory of a perfect spin fluid with intrinsic non-Abelian color charge is
constructed with allowance for spin-polarization chromomagnetic effects in Riemann–Cartan space
with curvature and torsion. The spacelike nature of the spin is taken into account explicitly in this
theory by including the Frenkel condition in the Lagrangian. The equations of motion, the laws
that govern the evolutions of the spin and color-charge tensors, and the expression for the energy-
momentum tensor for the fluid in question are obtained. In the limiting case, the theory goes over
to the well-known theory of Weyssenhoff–Raabe perfect spin fluid.
1. INTRODUCTION
The commonly accepted approach to the description of elementary particles relies on quan-
tum field theory. In this approach, a quantum field is treated as an infinite set of interacting
oscillators. Thereby, a complicated field-theoretical construction is approximated by a me-
chanical medium whose properties can be studied by applying the existing mathematical
formalism. It should be noted that one more mechanical model, based on the hydrodynamic
description of a medium [1]–[4], underlies quantum field theory. The motivations for invok-
ing this approach are diverse. On one hand, it relies on the well-advanced mathematical
formalism capable of taking into account nontrivial topologies of gauge fields [5]. On the
other hand, the approach in question displayed an astonishingly high predictive power both
in QED and in elementary-particle theory, including the Landau hydrodynamic model of
multi-particle hadron production and the possibility of describing various phases of quark-
gluon plasma on the basis of fluid dynamics [6]. We do not dwell here on the theory of
gravity, where this approach is widely discussed and applied to describe the dynamics of
stars and to construct models of the evolution of the Universe.
Within a hydrodynamic approach, we will consider a version in which a quantum system
of interacting quarks and gluons is simulated classically by representing it as a perfect fluid
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having intrinsic degrees of freedom, the spin and the non-Abelian color charge of particles
forming the fluid. The classical nonrelativistic chromohydrodynamic model of a fluid was
proposed in [7] without allowing for spin properties. In this study, the relativistic variational
theory of a perfect spin fluid with color charge in an external Yang–Mills field is constructed
in the Riemann-Cartan space U4 with curvature and torsion. The approach used here,
which is based on the formalism of exterior forms, generalizes that from [8], where some
simplifications were made, and that from [9], [10], where a different mathematical formalism
was employed. The objective of this study is to deduce the canonical energy-momentum
tensor for the model of fluid under study. A mathematically correct derivation of this tensor
is desirable because it can be used as a basis for obtaining the classical equations of motion
for a color particle that generalize Wong’s equations [11] to the case of the color SU(3)
group and which take into account the particle spin [9], [10]. Concurrently, the model in
which a hydrodynamic description of quark-gluon plasma on the basis of the Landau model
is generalized to include explicitly the structure of the QCD vacuum and the color charge
of quarks [6] can be substantiated with the aid of this energy-momentum tensor.
2. DYNAMICAL VARIABLES
AND CONSTRAINTS
In the formalism of exterior forms, fields that are associated with 0-forms ψ and with forms
ψ¯ conjugate to them and which are transformed according to the representation of the direct
product of the Lorentz group and the color SU(3) group appear to be dynamical variables
describing a fluid. An element of the fluid possesses the velocity 4-vector ~u = ua~ea, which
can be used to construct the velocity 3-form u := ~u⌋η = uaηa and the velocity 1-form
∗u = uaθ
a = g(~u, · · ·) satisfying the condition
∗ u ∧ u = −c2η , (2.1)
which means that the squared velocity is g(~u, ~u) = −c2, as it must. In the above expressions,
θa stands for basis 1-forms; η is the volume 4-form; ⌋ and ∗ denote, respectively, the internal
product and Hodge dualization operation; and the basis in the space of 3-forms ηb and the
basis in the space 2-forms ηab are given by [12]
ηb = ~eb⌋η = ∗θb , θ
a ∧ ηb = δ
a
b η , (2.2)
ηab = ~eb⌋ηa = ∗(θa ∧ θb) , θ
c ∧ ηab = δ
c
bηa − δ
c
aηb . (2.3)
The basis ~ea is assumed to be nonholonomic and orthogonal, and g(~ea, ~eb) =: gab =
diag(1, 1, 1,−1).
The internal-energy density ε in a fluid depends on extensive (additive) thermodynamic
parameters – the particle-number density (concentration) n and the entropy per particle s,
as calculated in the reference frame comoving with the fluid – and on the quantities describ-
ing the intrinsic degrees of freedom of particles forming the fluid, such as the particle spin
tensor Sab and particle color charge Jm. The quantities characterizing the fluid (including ψ
and ψ¯) are taken to be averaged over an elementary 3-volume V containing what is referred
to as a fluid element. The particle spin tensor and the particle color charge of the fluid
under study are given by
Sab = ψ¯Mabψ , Jm = ψ¯Imψ , (2.4)
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where Mab and Im are the generators of the corresponding representations of the Lorentz
group and the color SU(3) group. On the other hand, a fluid element represents a statistical
subsystem in which the number of particles is so great that this subsystem can be treated
as a quasiclosed system whose properties coincide with the statistical properties of a fluid
in a macroscopic state. For a fluid element, the first law of thermodynamics is written as
d(εV ) = −pdV + Td(nsV ) +
1
2
ωabd(nSabV ) + ω
md(nJmV ) , (2.5)
where p is the hydrodynamic pressure of the fluid. The factors ωab and ωm characterize the
possible exchange of, respectively, spin and charge between fluid elements. Substituting the
relation V = N/n, where N is the total number of particles in a given fluid element, into
(2.5), we express the first law of thermodynamics as [9]
dε(n, s, Sab, Jm) =
ε+ p
n
dn+ nTds+
1
2
nωabdSab + nω
mdJm , (2.6)
where the coefficient of dn has the meaning of a chemical potential. The above form of the
chemical potential indicates that the number of particles in the system is conserved. The
chemical potential plays an important role in describing the thermodynamic properties of
quark-gluon plasma [13].
We assume that the fluid being considered moves in such a way that the laws of particle-
number and entropy conservation are satisfied. These conservation laws can be written as
d(nu) = 0 , d(nsu) = 0 , (2.7)
where the symbol d denotes the operation of exterior differentiation. The first of these
equations ensures continuity of particle current lines in the fluid. The second equation
expresses invariability of entropy along current lines in the fluid. This is the second law of
thermodynamics for an adiabatic flow of the fluid. As was indicated in Frenkel’s theory of
a rotating electron [14], the spacelike nature of the spin tensor is a physical circumstance of
fundamental importance, which is expressed in fulfillment of the Frenkel condition Sabu
b =
0. In terms of exterior forms, this condition is represented as
(~ea⌋S) ∧ u = 0 , S =
1
2
Sabθ
a ∧ θb , (2.8)
where we introduced the spin 2-form S.
3. LAGRANGIAN DENSITY AND
EQUATIONS OF MOTION OF A FLUID
In the formalism of exterior forms, the action functional is given by an integral of the
Lagrangian density 4-form, which is taken to be
Lfluid = Lfluid η = −ε(n, s, ψ, ψ¯)η + nψ¯Dψ ∧ u− χnJmF
m ∧ ∗S +
+nλ1(∗u ∧ u+ c
2η) + nu ∧ dλ2 + nλ3u ∧ ds+ nζ
a(~ea⌋S) ∧ u . (3.1)
For independent variables in (3.1) that describe the dynamics of the fluid in question,
we choose n, s, ψ, ψ¯ and u. Constraints that are imposed on the independent variables and
which are specified by equations (2.1), (2.7) and (2.8), are taken into account via indefinite
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Lagrange multipliers λ1, λ2, λ3 and ζ
a. The second term in (3.1) represents a kinetic term, in
which the symbol D denotes the operation of exterior covariant differentiation with respect
to both gauge groups, the Lorentz group and the color SU(3) group; that is,
Dψ = dψ +
1
2
ΓabMabψ +A
mImψ , (3.2)
where Γba is the connection 1-form in the space U4, and A
m is the 1-form of the potential
of the gauge color field.
In (3.1), the term that involves the coupling constant χ describes the possible spin-
polarization chromomagnetic effects. In this term, Fm is the strength 2-form for the non-
Abelian gauge color field; that is,
Fm = dAm +
1
2
cp
m
qA
p ∧Aq =
1
2
Fmabθ
a ∧ θb , (3.3)
where cp
m
q are the structure constants of the SU(3) group.
To evaluate the variation of (3.1), we will need the variations
ηδua = −δu ∧ θa + δθa ∧ u− uaδη , δη = δθa ∧ ηa , (3.4)
δ ∗u = gabθ
aδub + ubgabδθ
a , (3.5)
which follow from the relations θa ∧ u = uaη and ∗u = gabu
aθb, respectively. Equations
(3.4) and (3.5) were obtained by considering that, in a nonholonomic orthogonal basis, the
components of the metric tensor gab are constants (that is, they must not be varied).
The variation of (3.1) with respect to the indefinite Lagrange multipliers yields the
corresponding constraint equations, whereas the variation with respect to the dynamical
variables leads to variational equations of motion for a perfect fluid having a non-Abelian
color charge. We have
δn : (ε+ p)η − nψ¯Dψ ∧ u+ χnJmF
m ∧ ∗S − nu ∧ dλ2 = 0 , (3.6)
δs : Tη + u ∧ dλ3 = 0 , (3.7)
δu : ψ¯Dψ − (−2λ1 ∗u+ dλ2 + λ3ds) + ζ
a~ea⌋S = 0 , (3.8)
δψ¯ :
∂ε
∂ψ¯
η − nDψ ∧ u− nζaMabψθ
b ∧ u+
+
1
2
χnJmF
m ∧Mabη
abψ + χnJmF
m ∧ ∗Sψ = 0 , (3.9)
δψ :
∂ε
∂ψ
η + nDψ¯ ∧ u− nζaψ¯Mabθ
b ∧ u+
+
1
2
χnJmF
m ∧ ψ¯Mabη
ab + χnJmF
m ∧ ∗Sψ¯ = 0 , (3.10)
In the coordinate basis ~eα = ∂α equation (3.7) takes the form T = u
α∂αλ3, which unveils
the physical meaning of the indeterminate Lagrange multiplier λ3 as a ”thermasion” (see
[15]).
In evaluating the derivatives of the internal energy ε with respect to ψ and ψ¯, we must
consider in equations (3.10) and (3.9) that, by virtue of (2.6), the internal energy depends
on ψ and ψ¯ only through its dependence on Sab and Jm:
ε(n, s, ψ¯, ψ) = ε(n, s, ψ¯Mabψ, ψ¯Imψ) . (3.11)
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Therefore, we have
∂ε
∂ψ
=
1
2
nωabψ¯Mab + nω
mψ¯Im , (3.12)
∂ε
∂ψ¯
=
1
2
nωabMabψ + nω
mImψ . (3.13)
Multiplying equation (3.8) by u from the right in such a way as to obtain the corre-
sponding exterior product and using (3.6), we find that the Lagrange multiplier λ1 can
determined from the relation
2nc2λ1η = (ε+ p)η +
1
2
χnJmF
m ∧ ∗S . (3.14)
With the aid of equation (3.6) and constraints (2.1), (2.7) and (2.8), it can easily be
shown that the Lagrangian density 4-form (3.1) is proportional to the hydrodynamic pres-
sure of the fluid:
Lfluid = pη . (3.15)
This means that there is a correct limiting transition from the variational theory of a perfect
spin fluid with intrinsic color charge to the variational theory of a conventional perfect fluid.
To determine the Lagrange multipliers ζa, we must evaluate the expression ubD(nSabu)
by using the equations of motion of the fluid, which are given by (3.9) and (3.10). As a
result, we obtain
ζcSca =
1
c2
S˙abu
b −
1
c2
Sacub(χJmF
mbc + ωbc) . (3.16)
where the dot over the variable Sab denotes the operation of differentiation. For an arbitrary
tensor object Φ, this operation is defined as
Φ˙ab := ∗(u ∧ DΦ
a
b) . (3.17)
Using expression (3.16) and the identities DMab = 0, we find that, for particles of the
fluid being considered, the variation of the spin tensor is governed by the law
u ∧DSab +
2
c2
S[a
cub]u˙cη =
= −2S[a
c(χηb]c ∧ F
mJm + ωb]cη) +
2
c2
S[a
cub]u
d(χFmcdJm + ωcd)η . (3.18)
If right-hand side of this equation is set to zero, we arrive at the law that controls the
variation of the spin tensor in the Weyssenhoff–Raabe perfect spin fluid [16]–[19]. Equation
(3.18) demonstrates that spin non-conservation along current lines in the fluid is associated
with spin-chromomagnetic interaction and with the possible exchange of spin between fluid
elements.
4. EQUATIONS FOR A NON-ABELIAN
GAUGE COLOR FIELD
To obtain equations for a non-Abelian gauge color field, the Lagrangian density 4-form
(3.1) must be supplemented with the Lagrangian density 4-form describing the color field.
Accordingly, we have
Lmatter = Lfluid + Lfield , (4.1)
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where
Lfield = −
α
2
Fm ∧ ∗Fm = −
α
4
FmabFm
abη , (4.2)
α being the coupling constant. The indices of the type m on the gauge field are transformed
according to the adjoint representation of the color SU(3) group. These indices are raised
and lowered with the aid of the metric tensor gmn = −
1
2cm
p
qcn
q
p.
The field equations are obtained by varying (4.1) with respect to the 1-form of the
potential Am for the gauge color field. In this way, we obtain
δAm : D(α ∗Fm + χnJm ∗S) = nJmu . (4.3)
This equation must be supplemented with the Bianchi identity DFm = 0 for the non-
Abelian gauge field.
Using the equations of motion of the fluid, which are given by (3.9) and (3.10), and
taking into account the identity DIm = 0, we find that evolution of the non-Abelian color
charge is governed by the law
u ∧ DJm = −cm
p
nJp(χF
n ∧ ∗S + ωnη) . (4.4)
This equation shows that, in the non-Abelian case, spin-chromomagnetic interaction may
result in color-charge nonconservation along current lines in the fluid. It is interesting to
note that, in the Abelian case, the electric charge is always conserved along current lines in
the fluid by virtue of the condition cm
p
n = 0, which holds for Abelian fields.
The classical equations of motion that were obtained here for a non-Abelian color field
and which take into account spin and color degrees of freedom represent a self-consistent set.
This circumstance is of particular interest because the structure of the QCD vacuum may
greatly depend on QCD fields other than the gluon field. This suggests that, even at the
classical level, it is advisable to solve model problems with allowance for currents of charged
particles having various origins [20]. Indeed, we see that, in equations (4.3) and (4.4), the
current of the source is determined both by the current of the particle color charge, the
corresponding term appearing on the right-hand side, and by the spin correction appearing
on the left-hand side of equation (4.3). This makes it possible to obtain deeper insight into
the global dynamics of the system.
5. ENERGY-MOMENTUM TENSOR
OF A PERFECT SPIN FLUID
WITH A COLOR CHARGE
According to the general concepts of gauge field theory in Riemann–Cartan space [21],
[22],[12], the geometric properties of spacetime are determined by the canonical energy-
momentum tensor and by the matter spin tensor. The spin 3-form ∆ab defined in terms
of the variational derivative of the Lagrangian density 4-form (4.1) with respect to the
connection 1-form Γba in the Riemann–Cartan space U4 as
∆ab := −
δLmatter
δΓba
=
1
2
nSabu (5.1)
plays the role of the matter spin tensor in the formalism of exterior forms. Within this
framework, the canonical energy-momentum tensor is taken to be the energy-momentum
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3-form Σa defined as the variational derivative of the Lagrangian density 4-form (4.1) with
respect to the basis 1-form θa. In the space U4, variation with respect to θ
a is independent
of the variation with respect to Γba; in a nonholonomic orthogonal basis, the condition that
ensures the consistency of the metric and connection and which represents the constraint
Dgab = 0 on the independent variables holds by virtue of antisymmetry of the connection
1-form, Γab = −Γba, so that additional terms with indeterminate Lagrange multipliers are
not needed for this purpose.
Evaluating Σa for the Lagrangian density (4.1) with the aid of (3.8)–(3.10), (3.14) and
(3.16), we obtain
Σa = −
δLmatter
δθa
= Σfluida +Σ
field
a , (5.2)
Σfluida = pΠ
b
aηb +
1
c2
n(ε∗δba + S˙a
b)ubu− χnJmF
m
abS
bcηc −
−
1
c2
χnSa
c(JmF
m
bc − ωbc)u
bu , (5.3)
Σfielda = α(F
m
acFm
bc −
1
4
δbaF
m
cdFm
cd)ηb =
=
α
2
((ea⌋F
m) ∧ ∗Fm −F
m ∧ (ea⌋ ∗Fm)) . (5.4)
Here Πba denotes the components of the projector tensor
Πba = δ
b
a +
1
c2
ubua , (5.5)
and ε∗ is the effective energy per particle [9] given by
ε∗η = ε0η + χJmF
m ∧ ∗S , ε0 =
ε
n
. (5.6)
Expression (5.6) generalizes the result from [23], which was obtained in the presence of an
electromagnetic field, to the non-Abelian case.
This expression can easily be explained in quantum theory. The second term in (5.6)
describes the interaction of spin and color charge with an external color field. To formulate
this point more precisely, we indicate that, depending on helicity, particles in a definite
color state interact with the corresponding state of the field; as a result, the effective energy
increases (or decreases). On the other hand, particles that possess the same helicity, but
which occur in a different color state do not interact with this field state [20]. In the Abelian
case (QED), there is the analogous effect of an increase in the electron mass owing to its
interaction with an electromagnetic field [24].
Let us introduce the dynamical momentum of a fluid element per particle via the relation
πaη = −
1
nc2
∗u ∧ Σfluida , πa =
1
c2
ε∗ua −
1
c2
Sa
c
(
u˙c + u
b(χJmF
m
bc + ωbc)
)
. (5.7)
The canonical energy-momentum 3-form (5.3) can then be represented as
Σfluida = pηa + n
(
πa +
p
nc2
ua
)
u+ χn(~ea⌋F
mJm) ∧ ∗S . (5.8)
This form is more convenient for applications. We can see that the hydrodynamic pressure
p of the fluid manifests itself in two ways: it impedes the compression of the fluid [first term
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in (5.8)], on one hand, and effectively increases the mass of a fluid element [second term in
(5.8)], on the other hand. In the gravitational collapse of astrophysical objects simulated
by quark-gluon plasma, the second manifestation of the pressure is dominant; therefore, the
growth of the pressure cannot prevent a collapse.
Note that the full energy-momentum 3-form for a perfect spin fluid with a color charge
in an external color field can also be represented in the form
Σa = ~ea⌋
(
pη −
α
2
Fm ∧ ∗Fm
)
+ n
(
πa +
p
nc2
ua
)
u+
+(~ea⌋F
m) ∧ (α ∗Fm + χnJm ∗S) , (5.9)
which proves to be useful in some cases.
6. CONCLUSION
On the basis of the variational approach, we have given a consistent derivation of the clas-
sical energy-momentum tensor for a perfect fluid having intrinsic spin and color degrees of
freedom and interacting with a non-Abelian color gauge field. In the future, a self-consistent
set of the dynamical equations of motion of a classical particle with spin and with a non-
Abelian color charge in a color field will be obtained against the background of Riemann–
Cartan geometry with curvature and torsion by using the above energy-momentum tensor
as a starting point. These equations, together with the continuity condition for current
lines in the fluid, the equation of state of the fluid, and the equations for the color field,
will represent the full set of equations necessary for describing quark-gluon plasma.
By taking into account the variational theory of spin-dilaton fluid [25], the theory pro-
posed here can be generalized to the case in which particles forming the fluid possess not
only a spin and a color charge but also a dilaton charge. Presumably, analysis of such ob-
jects will be useful in QCD in connection with intensive investigations of the O++ glueball
(dilaton) [26] and with the possibility of studying, on this basis, a nonperturbative gluon
condensate up to the point of a phase transition between hadronic matter and quark-gluon
plasma.
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